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Introdution
Introdutiongeared for rigidity phenomenaTravel supported by JSPS
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What do we lassify?� ountable disrete group(X ; �) standard probability measure spae�y (X ; �) (ergodi) measure preserving ation�y X is said to be ergodi ifA � X and �A = A ) �(A) = 0; 1.We only onsider either� (X ; �) �= ([0; 1℄; Lebesgue) and�y X is essentially-free i.e. �(fx : gx = xg) = 0 8g 2 � n f1g;or� X = fptg.
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How do we lassify?GA�y (X ; �) OEL1(X ) � vN(X o �) vNvN(X o �)GP� vNvN(�)
To what extent do vN/OEremember OE/GA/GP?

Narutaka OZAWA (Tokyo) Classi�ation of II1 fators 25 August 2008 4 / 23



Group measure spae onstrutions�y (X ; �) p.m.p. � : �y L1(X ; �)�g (f )(x) = f (g�1x)R �g (f ) d� = R f d�The unitary element ug = �g 
 �g 2 B (L2 (X )
 `2(�)) satis�esug f u�g = �g (f )for all f 2 L1(X ; �), identi�ed with f 
 1 2 B (L2(X )
 `2(�)).We enode the information of �y X into a single vN algebravN(X o �) := f�niteXg2� fg ug : fg 2 L1(X )g00 � B (L2(X )
 `2(�)):vN(X o �) is same as the rossed produt vN algebra L1(X )o �.Narutaka OZAWA (Tokyo) Classi�ation of II1 fators 25 August 2008 5 / 23



Group measure spae onstrutionsvN(X o �) is a vN algebra of type II1, with the trae � given by�(Xg fg ug ) = hXg fg ug (111
 Æ1); (111 
 Æ1)i = Z f1 d�:(It follows �(xy) = �(yx).)The subalgebra L1(X ) � vN(X o �) has a speial property.De�nitionA von Neumann subalgebra A � M is alled a Cartan subalgebraif it is a maximal abelian subalgebra suh that the normalizerN (A) = fu 2 M : unitary uAu� = Aggenerates M as a von Neumann algebra.Narutaka OZAWA (Tokyo) Classi�ation of II1 fators 25 August 2008 6 / 23



Orbit Equivalene RelationTheorem (Singer, Dye, Krieger, Feldman-Moore 1977)Let �y X and �y Y be ess-free p.m.p. ations, and� : (X ; �)! (Y ; �)be an isomorphism. Then, the isomorphism�� : L1(Y ; �) 3 f 7! f Æ � 2 L1(X ; �)extends to a �-isomorphism� : vN(Y o �)! vN(X o �)if and only if � preserves the orbit equivalene relation:�(�x) = ��(x) for �-a.e. x.
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Lak of rigidityGA�y (X ; �) OEL1(X ) � vN(X o �) vNvN(X o �)Theorem (Hakeda-Tomiyama, Sakai 1967)vN(X o �) is injetive (amenable) , � is amenable.E.g. Solvable groups and subexponential groups are amenable.Non-abelian free groups Fr are not.Theorem (Connes 1974, Ornstein-Weiss, C-Feldman-W 1981)Amenable vN and OE are unique modulo enter.
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Lak of rigidityGA�y (X ; �) OEL1(X ) � vN(X o �) vNvN(X o �)Theorem (Connes-Jones 1982)OE vN is not one-to-one,i.e. 9 a II1-fator with non-onjugate Cartan subalgebras.Example (Oz-Popa 2008)vN�(lim �(Z=knZ)2)o (Z2o SL(2;Z))�has at least two Cartan subalg L1(lim �(Z=knZ)2) and vN(Z2).
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Lak of rigidityGA�y (X ; �) OEL1(X ) � vN(X o �) vNvN(X o �)GP� vNvN(�)Theorem (Connes 1975)9 a II1-fator whih is not �-isomorphi to its omplex onjugate.Theorem (Voiulesu 1994)vN(Fr ) does not have a Cartan subalgebra.Narutaka OZAWA (Tokyo) Classi�ation of II1 fators 25 August 2008 10 / 23



RigidityGA�y (X ; �) OEL1(X ) � vN(X o �) vNvN(X o �)Theorem (Furman 1999, (Monod-Shalom,) Popa, Kida, Ioana)Some OE fully remembers GA. E.g., SL(3;Z)y T3.Theorem (Oz-Popa 2007, 2008)Some vN fully remembers OE, i.e., 9 a (non-amenable) II1-fator with aunique Cartan subalgebra up to unitary onjugay.Note: Popa (2000) proved vN(Z2) � vN(Z2o SL(2;Z)) is a unique\Cartan subalgebra with the relative property (T)."Narutaka OZAWA (Tokyo) Classi�ation of II1 fators 25 August 2008 11 / 23



Open problemsGA�y (X ; �) OEL1(X ) � vN(X o �) vNvN(X o �)GP� vNvN(�)ProblemIs there vN whih fully remembers GA?Is there vN whih fully remembers GP?vN(Fr ) 6�= vN(Fs ) ?Note: Popa (2004) proved vN([0; 1℄� o �) �= vN(Y o �) implies(�y [0; 1℄�) �= (�y Y ) provided that � has the property (T).Further results by Popa and Vaes.Narutaka OZAWA (Tokyo) Classi�ation of II1 fators 25 August 2008 12 / 23



Commerial break
From vN to OE NEW!
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Groups with the Haagerup propertyDe�nitionA 1-oyle of a lo. pt group G onsists of a onti. unitary rep (�;H)and a onti. map b : G !H suh that8g ; h 2 G ; b(gh) = b(g) + �gb(h):(i.e., �g � = �g� + b(g) de�nes an aÆne isometri ation � on H.Sh�onberg: exp(�tkb(g)k2) is a 1-pr semigr of pos type funtions.)The 1-oyle b is proper if kb(g)k ! 1 as g !1.A group G has the Haagerup property if it admits a proper 1-oyle(�;H; b). The group G has the property (HH) if in addition � an betaken non-amenable (i.e., no Ad�-invariant state on B (H)).
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Groups with the property (HH)ObservationA group G with the property (HH) is not inner-amenable.In partiular, (in�nite amenable)� � does not have (HH).Proof.Let (�;H; b) be a proper 1-oyle, and suppose that 9 a singularAdG -invariant state � on L1(G ). For x 2 B (H), we de�ne fx 2 L1(G )by fx(g) = kb(g)k�2hxb(g); b(g)i.Let h 2 G be �xed. Sine limg kb(g)k =1 andkb(h�1gh)� ��1h b(g)k = kb(h�1) + �h�1gb(h)k � 2kb(h)k;one has (Adh)(fx)� f�hx��h 2 C0(G ).It follows that x 7! �(fx) is an Ad�-invariant state.Narutaka OZAWA (Tokyo) Classi�ation of II1 fators 25 August 2008 15 / 23



Groups with the property (HH)ObservationA group G with the property (HH) is not inner-amenable.In partiular, (in�nite amenable)� � does not have (HH).The onverse...Theorem (Haagerup 1978, De Canni�ere-H. 1985, Cowling 1983)The onneted simple Lie groups SO(n; 1) with n � 2 and SU(n; 1) havethe property (HH). In partiular, latties of produts of SO(n; 1) withn � 2 and SU(n; 1) have the property (HH).Moreover, they have the omplete metri approximation property.
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At Most One Cartan SubalgebraTheorem A (Oz-Popa 2008)Let � be a ountable group with the property (HH) and the CMAP. Then,vN(�) has no Cartan subalgebra. Moreover, if �y X is pro�nite ation,then L1(X ) is the unique Cartan subalgebra in vN(X o �).De�nitionAn ergodi ation �y X is pro�nite if X = lim � �=�n for some �nite indexsubgroups � � �1 � �2 � � � � ;or equivalently 9A1 � A2 � � � � � L1(X ) �nite-dimensional �-invariant vNsubalgebras with dense union. (An = `1(�=�n).)vN(X o �) = �S vN((�=�n)o �)�00 �= �SM [�:�n ℄(vN(�n))�00.Narutaka OZAWA (Tokyo) Classi�ation of II1 fators 25 August 2008 16 / 23



Weak CompatnessTheorem (Oz-Popa 2007)Suppose that M has CMAP and A is an amenable vN subalgebra.Then, A �M is weakly ompat in the following sense:9 �n 2 L2(A �
 �A)+ suh thatk�n � (u 
 �u)�nk2 ! 0 for every u 2 U(A);k�n �Ad(u 
 �u)�nk2 ! 0 for every u 2 N (A);h(x 
 1)�n; �ni = �(x) = h�n; (1
 �x)�ni for every x 2 M.If M = Ao � and 9 A1 � A2 � � � � � A �nite-dim. �-invariant vNsubalgebras with dense union, then A � M is weakly ompat with�n =  IdL2(An) 2 L2(An �
 �An).
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Rough Proof of Theorem ALet � be a group having the property (HH) with (�;H; b) andthe CMAP, and suppose there is a Cartan subalgebra A � vN(�).Let �n 2 `2(�)
 `2(�) be as in the previous slide.We de�ne a state ' on B (H) by'(x) = Limn!1Xg ;g 0hx �n(g ; g 0) b(g)kb(g)k ; �n(g ; g 0) b(g)kb(g)k i:Sine �n is approx. onjugate invariant andb(h�1gh) = b(h�1) + �h�1b(g) + �h�1gb(h) � �h�1b(g)as g !1, the state ' is Ad�-invariant. Thus � is amenable.The real proof involves spetral analysis of the quantum Markov semigroupassoiated with a losable derivation (Sauvageot, et al. and Peterson).Narutaka OZAWA (Tokyo) Classi�ation of II1 fators 25 August 2008 18 / 23



From OE to GA
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Orbit Equivalene RelationTheorem (Singer, Dye, Krieger, Feldman-Moore 1977)Let �y X and �y Y be ess-free p.m.p. ations, and� : (X ; �)! (Y ; �)be an isomorphism. Then, the isomorphism�� : L1(Y ; �) 3 f 7! f Æ � 2 L1(X ; �)extends to a �-isomorphism� : vN(Y o �)! vN(X o �)if and only if � preserves the orbit equivalene relation:�(�x) = ��(x) for �-a.e. x.
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From OE to Coyle (after Zimmer)Suppose (�y X ) �=OE (�y Y ), i.e. 9 � : X �! Y suh that�(�x) = ��(x) for �-a.e. x .De�ne � : �� X ! � by�(gx) = �(g ; x)�(x):Then, � satis�es the oyle identity:�(h; gx)�(g ; x) = �(hg ; x): txtgxthgx 	 �(g ; x)9�(h; gx)�(hg ; x)
A oyle � is a homomorphism if ess. independent of the seond variable.Coyles � and � are equivalent if 9 � : X ! � suh that�(g ; x) = �(gx)�(g ; x)�(x)�1 :Theorem (Zimmer)(�y X ) �= (�y Y ) if and only if � is equivalent to a homomorphism.Narutaka OZAWA (Tokyo) Classi�ation of II1 fators 25 August 2008 21 / 23



From Coyle to Group AtionTheorem (Coyle Superrigidity)With some assumption on �y X (and not on �), any oyle� : �� X ! �is equivalent to a homomorphism �.Applied to the Zimmer oyle, one obtains (virtual) isomorphism(�y X ) �= (�y Y ) via the homomorphism � : �! �.Examples� higher rank lattie + � simple Lie group (Zimmer)� Kazhdan (T) / produt + �y X Bernoulli (Popa)� Kazhdan (T) + �y X pro�nite (Ioana)Narutaka OZAWA (Tokyo) Classi�ation of II1 fators 25 August 2008 22 / 23



New von Neumann RigidityBy adapting Ioana's arguments, we obtain a oyle superrigidity result forsome pro�nite ations of property (�) groups with residually-�nite targets.There are groups with the property (HH) and the property (�).CorollaryLet �i = PSL(2;Z[p2℄) and p1 < p2 < � � � be prime numbers.Let � = �1 � �2 at on X = lim �PSL(2; (Z=p1 � � � pnZ)[p2℄) bythe left-and-right translation.Let �y Y be any (free ergodi prob.m.p.) ation of a residually-�nitegroup � suh that vN(X o �) �= vN(Y o �). Then, �y X and �y Yare virtually isomorphi.GA�y (X ; �) OEL1(X ) � vN(X o �) vNvN(X o �)Narutaka OZAWA (Tokyo) Classi�ation of II1 fators 25 August 2008 23 / 23
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