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Abstract. This is an appendix to Eli Glasner’s On a question of Kazhdan
and Yom Din [Gla21] in the Benjy Weiss birthday IJM volume. I am grate-
ful to Eli for his comments and for welcoming this appendix.

To Benjy, with admiration.

David Kazhdan and Alexander Yom Din asked the following [Gla21].

Question. Fix δ > 0. Let V be a Banach space equipped with a linear iso-
metric action of a group G.

Let α be an element of the dual V ∗ such that ‖α‖ = 1 and ‖gα−α‖ ≤ δ/10
for all g ∈ G.

(i) Does there exist a G-invariant β ∈ V ∗ with ‖α − β‖ ≤ δ ?
(ii) Specifically, does this hold for V ∗ = B(H), the space of bounded oper-

ators of a Hilbert space H?

(The predual V for (ii) is the space of trace-classs operators.)

In [Gla21] Eli Glasner proved (among many other things) that Ques-
tion (i) has a negative answer in general, including for some weak-* closed
subspaces of B(H), suggesting that perhap (ii) also has a negative answer.

Theorem. Question (ii) does indeed have a negative answer.

Proof. We shall use ideas introduced by Bożejko–Fendler [BF91] in the
context of Herz–Schur multipliers and uniformly bounded representations.
This leads to a concrete and self-contained construction as follows.

Let G be the free group on an infinite set S of generators. For any non-
trivial x ∈ G, denote by x− the element obtained by erasing the right-most
letter in the reduced word for x. The Hilbert space H for question (ii) will
beH = `2(G) with Hilbert basis (δx)x∈G. TheG-action on B(H) is the adjoint
representation associated to the left regular representation λ on `2(G). That
is, for T ∈B(H) and g ∈ G, we define g.T = λ(g) ◦T ◦λ(g)−1. This is indeed
isometric and induced by an isometric representation on the predual V .
Below, all norms are understood in V ∗ = B(H) unless specified otherwise
with a subscript such as ‖ · ‖`2 .

Given n > 0, we choose a subset Sn ⊆ S of n generators. We define Tn ∈
B(H) by requiring Tnδx = δx− if x−1

− x ∈ S±1
n (with x , e) and Tnδx = 0 in all

other cases; this defines a bounded operator.
Fix g ∈ G. Then Tn almost commutes with λ(g) because (gx)− = g(x−)

holds unless x is completely cancelled by g (or x is already trivial). Let us
compute the commutator when this complete cancellation occurs. Write
g in reduced form as g = sε1

1 · · ·s
εk
k with k ∈ N, si ∈ S and εi = ±1 (we can

assume k > 0). Then x = s
−εk
k · · ·s

−εh+1
h+1 for some h < k. Thus gx = sε1

1 · · ·s
εh
h .
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Now we have (
Tn ◦λ(g)−λ(g) ◦ Tn

)
δx = δsε1

1 ···s
εh−1
h−1
− δsε1

1 ···s
εh+1
h+1

provided sh and sh+1 are in Sn (otherwise the corresponding term simply
does not occur). This implies the estimate∥∥∥Tn ◦λ(g)−λ(g) ◦ Tn

∥∥∥ ≤ 2 ∀g ∈ G ∀n
because, g being fixed, only one x ∈ G gives rise to the pair of elements
sε1
1 · · ·s

εh−1
h−1 and sε1

1 · · ·s
εh+1
h+1 . In other words, the commutator is a sum of two

partial isometries, whence the estimate. (A more high-tech argument with
Riesz–Thorin interpolation can be found in [BF91, §2].)

At this point we have elements Tn ∈ V ∗ = B(H) with ‖g.Tn − Tn‖ ≤ 2 for
all g ∈ G. We now examine the distance

d(Tn,V
∗G) := inf

{
‖Tn − β‖ : β is G-fixed

}
from Tn to any G-fixed point in B(H).

We have Tn1S±1
n

= 2nδe and use that β commutes with λ to compute

2n = ‖Tn1S±1
n
‖`2 ≤ ‖β1S±1

n
‖`2 + ‖Tn − β‖ · ‖1S±1

n
‖`2

= ‖λ(1S±1
n

)βδe‖`2 +
√

2n‖Tn − β‖

≤ ‖λ(1S±1
n

)‖ · ‖βδe‖`2 +
√

2n‖Tn − β‖

≤ ‖λ(1S±1
n

)‖ · ‖Tn − β‖+
√

2n‖Tn − β‖,

where at the end we used Tnδe = 0. The norm ‖λ(1S±1
n

)‖ is well-known to be
2
√

2n− 1, since it is a spectral radius that can be computed by enumerating
paths in a tree, see Thm. 3 in [Kes59]. To be very precise: we can consider
H = `2(G) as a multiple of the regular representation of the subgroup Fn
generated by Sn and Kesten’s computation takes place in this `2(Fn); the re-
sulting norm coincides with ‖λ(1S±1

n
)‖ in `2(G). Now the above inequalities

imply

d(Tn,V
∗G) >

√
2n
3

∀n.

We have therefore our answer to the original question by defining α ∈ V ∗ =
B(H) to be the unit vector corresponding to Tn and letting n→∞. �
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